This paper provides a framework for estimating the mean and variance of a highdimensional normal density. The main setting considered is a fixed number of vector following a high-dimensional normal distribution with unknown mean and diagonal covariance matrix. The diagonal covariance matrix can be known or unknown. If the covariance matrix is unknown, the sample size can be as small as 2. The proposed estimator is based on the idea that the unobserved pairs of mean and variance for each dimension are drawn from an unknown bivariate distribution, which we model as a mixture of normal-inverse gammas. The mixture of normal-inverse gamma distributions provides advantages over more traditional empirical Bayes methods, which are based on a normal-normal model. When fitting a mixture model, we are essentially clustering the unobserved mean and variance pairs for each dimension into different groups, with each group having a different normal-inverse gamma distribution. The proposed estimator of each mean is the posterior mean of shrinkage estimates, each of which shrinks a sample mean towards a different component of the mixture distribution. Similarly, the proposed estimator of variance has an analogous interpretation in terms of sample variances and components of the mixture distribution. If diagonal covariance matrix is known, then the sample size can be as small as 1, and we treat the pairs of known variance and unknown mean for each dimension as random observations coming from a flexible mixture of normal-inverse gamma distributions.
Introduction
An old and simple problem in statistics involves estimating the mean of a normal distribution.
A somewhat newer and more complex problem is that of estimating the means of many normal distributions when we observe independent samples from these distributions. We consider a version of the latter problem in which X 1j , . . . , X nj , j = 1, . . . , q, are observations generated from the following model:
X ij = µ j + σ j ij , i = 1, . . . , n, j = 1, . . . , q, ∼ N (0, 1), i = 1, . . . , n, j = 1, . . . , q.
(1)
The following assumptions are made:
(i) The unknown pairs (µ j , σ 2 j ), j = 1, . . . , q, are independent and identically distributed and follow an unknown absolutely continuous distribution, denoted by f µ,σ 2 .
(ii) The unobserved errors ij , i = 1, . . . , n, j = 1, . . . , q, are independent and identically distributed as f , which is a standard normal density.
(iii) The parameters (µ j , σ 2 j ), j = 1, . . . , q, are independent of ij , i = 1, . . . , n, j = 1, . . . , q.
The main goal is to estimate (µ j , σ 2 j ), i = 1, . . . , q, from X ij , i = 1, . . . , n, j = 1, . . . , q. A secondary goal, which is necessary to efficiently achieve the main goal, is to estimate f µ,σ 2 , the joint distribution of (µ j , σ 2 j ). If σ 2 1 , . . . , σ 2 q are known, replications of the unobserved variable µ j are not needed to estimate µ j . Without loss of generality, we may assume n = 1, in which case model (1) reduces to X j = µ j + σ j j , j = 1, . . . , q, ∼ N (0, 1), j = 1, . . . , q.
(2)
In this case, we observe the pairs (X j , σ 2 j ), j = 1, . . . , q, and the main goal is to estimate the unknown parameters µ j , j = 1, . . . , q.
In multivariate notation, X i· = (X i1 , . . . , X iq )
T , i = 1, . . . , n, are n observations from a q-variate normal distribution with mean vector µ = (µ 1 , . . . , µ q ) T and variance matrix D = Diag(σ 2 1 , . . . , σ 2 q ). In the classical one-dimensional framework, i.e. q = 1, the sample mean,X ·1 = n −1 n i=1 X i1 , and (n + 1) −1 n i=1 (X i1 −X ·1 ) 2 are optimal mean squared error estimators of the population mean and variance, respectively. However, this result does not extend to high-dimensions, as Stein (1956) showed that the sample means are inadmissible when q ≥ 3. The seminal work of James and Stein (1961) showed that shrinkage estimators of the means perform better than sample means in terms of mean squared error when q ≥ 3 and σ 2 1 , . . . , σ 2 q are all the same (the homoscedastic case) and known. A nice introduction of this class of estimators can be found in the book of Efron (2012) . Efron and Morris (1973) gave an empirical Bayes interpretation of this shrinkage estimator and developed several competing estimators. They noted that even when all σ 2 j are known, the James-Stein estimator cannot be extended under heteroscedasticity by simply using the transformation σ ∼ N (0, A), and estimated the variance A from the marginal density of X ij . As noted by Efron and Morris (1973) , such a hierarchical model is a "Bayesian statement of belief that the µ j are of comparable magnitude," a belief which is not always realistic.
There is a large literature on estimating the mean vector of a multivariate normal distribution under homoscedasticity, using both frequentist and Bayesian approaches. For example, Baranchik (1970) derived the general form of a minimax estimator for the homoscedastic case. Brown (1971) derived a general condition for Bayes estimators to be admissible in terms of mean squared error. Using these conditions, Berger and Strawderman (1996) showed that some common choices of improper prior on hyperparameters lead to inadmissible estimators, and encouraged the use of a proper prior on hyperparameters. Brown and Greenshtein (2009) proposed a nonparametric empirical Bayes solution for estimating the mean.
In contrast, the literature on the heteroscedastic case is scant. Berger (1976) provided a minimax estimator when the covariance matrix D is known under arbitrary quadratic loss.
However, this estimator exhibits the counter-intuitive behavior mentioned before. Recently, there have been a few articles addressing this issue. Xie et al. (2012) assumed that D is known and estimated the mean vector, µ, by minimizing Stein's unbiased risk estimate (SURE). They showed that the empirical Bayes maximum likelihood estimator (EBMLE) of µ and SURE estimates of µ do not provide the same solution as in the homoscedastic case and proved a few results about the consistency of the SURE estimates. By not limiting the prior on the normal density, they explored a semiparametric option which we will discuss in detail later. Jing et al. (2016) further extended the work of Xie et al. (2012) in the heteroscedastic case when D is unknown by modifying the loss function and assuming a gamma prior on the precision parameters, the inverse of the variance parameters.
Theorem 5.7 of Lehmann and Casella (2006) provides a condition for which the shrinkage estimator becomes a minimax estimator under squared error loss. However, the family of estimators they considered applies constant shrinkage to all coordinates, as opposed to the intuition that components with larger σ 2 j should be shrunk more. Tan et al. (2015) proposed a minimax estimator when the covariance matrix D is known under arbitrary quadratic loss, where the shrinking direction is open to specification and the shrinking factor is determined. This minimax estimator is similar to the estimator arising from the assumption that µ 1 , . . . , µ q are independent with µ j ∼ N (0, A j ), j = 1, . . . , q. Zhang and Bhattacharya (2017) developed an empirical Bayes method to estimate a sparse normal mean. Weinstein et al. (2018) developed an empirical Bayes estimator assuming that σ 2 1 , . . . , σ 2 q are part of the random observations. They binned the pairs (X j , σ 2 j ) on the basis of σ 2 j and applied a spherically symmetric estimator separately in each group. Even though we also assume that (µ j , σ 2 j ) come from a joint distribution, f µ,σ 2 , our method is based on modeling the bivariate density of (µ, σ 2 ) with a flexible mixture of normal-inverse gamma densities and then estimating µ and D.
2 Motivation for a New Estimator
Homoscedastic Case
Consider the model (1), where σ 2 j = σ 2 , for j = 1, . . . , q, and σ 2 is known, an example discussed in Neyman and Scott (1948) . We will discuss some existing approaches to estimating µ in this setting and also how our methodology is related to these approaches. LetX be the q-vector whose j th component is the sample meanX ·j = n −1 n i=1 X ij , j = 1, . . . , q. Then X is distributed as N q (µ, σ 2 I/n). James and Stein (1961) considered a class of estimators indexed by c, which are written as
where X 2 = X T X and the j th element of δ, δ j , is an estimator of µ j . The average loss, defined by L(δ, µ) = q −1 δ − µ 2 , is used to compare different estimates. James and Stein (1961) showed that the constant c = q − 2 minimizes the risk, R(δ, µ) = E µ L(δ, µ), for every µ if q ≥ 3. We shall call the estimator δ JS q−2 X simply δ JS . James and Stein (1961) showed that if q ≥ 3, δ JS dominates the MLE, X, in terms of R(δ, µ) for every choice of µ,
i.e. X is inadmissible. Baranchik (1970) considered the following more general family of estimators:
and showed that the estimator is minimax if r(·) is monotone, non-decreasing, and such that 0 ≤ r(·) ≤ 2(q − 2). Chapter 5 of Lehmann and Casella (2006) discusses risk properties of these estimators in detail. Another minimax estimator is a version of the James-Stein estimator with non-negative multiplier:
This estimator dominates the usual James-Stein estimator in terms of R(δ, µ). All of these shrinkage estimators shrink each coordinate towards 0. Efron and Morris (1973) showed an empirical Bayes connection with the James-Stein estimator by assuming a prior of the form µ j i.i. 
which leads to the shrinkage estimator
This estimator is a function of the unknowns m and λ. These parameters may be estimated using the marginal densitȳ
∼ N m, λ + σ 2 n , j = 1, . . . , q, from which one may obtain the maximum likelihood estimator (MLE) or method of moments estimator (MOM) of (m, λ).
Heteroscedastic Case
When σ 2 1 , . . . , σ 2 q are not all the same but known, we can modify the James-Stein estimator by using the transformation σ −1 j X ij , which produces homoscedastic data. Then the James-Stein estimate of µ is
As discussed in Efron and Morris (1973) this estimate is not intuitive as we should shrink more those coordinates with larger σ 
which leads to the shrinkage estimatorX− W X − m , where W is a diagonal matrix with j th diagonal element equal to However, unlike the homoscedastic case, we cannot estimate λ consistently from this marginal density (with n fixed), which impairs the traditional empirical Bayes approach. Xie et al. (2012) addressed this problem which finds a solution of m and λ by minimizing SURE, an unbiased estimator of the risk R(δ, µ). They showed that the SURE estimates are optimal in an asymptotic sense compared to EBMLE or EBMOM. To generalize the estimate, they developed a novel semiparametric approach by not assuming a normal-normal hierarchical model. The semiparametric SURE shrinkage estimator which was discussed in Xie et al. (2012) assumes that
The unbiased estimator of the risk is In principle, all of b 1 , . . . , b q can be distinct if σ 2 j /n ≤ (X ·j − m) 2 , j = 1, . . . , q, and because the solution will be m j =X ·j , i.e. b j = 0, leading to a non-shrinkage estimator. The approach of Xie et al. (2012) is tantamount to assuming that µ 1 , . . . , µ q are drawn from a mixture of normals that are all centered at m but have different variances.
SU RE
The approach of Xie et al. (2012) is less general than the one considered in the current paper where we consider a mixture distribution whose components can have different means
and variances. Approaches that use the same shrinkage for each component and/or the assumption that the components of the mean vector follow a unimodal distribution can produce very poor estimates. This will occur, for example, when the µ j s come from a bimodal distribution with widely separated modes. Our approach based on a N Γ −1 mixture mitigates this problem by using "local" shrinkage, i.e., shrinkage of a sample mean towards the mixture component to which its µ j is most likely to belong. Weinstein et al. (2018) proposed a group-linear empirical Bayes method, which treats known variances as part of the random observations and applies a spherically symmetric estimator to each group separately. This shrinks sample means in different directions, but their clustering mechanism only depends on σ 2 j . This is unrealistic as the shrinkage directions should depend on the modes of the distributions of the unobserved µ j , and the shrinkage factors should depend on the known σ 2 j . If µ j is a smooth function of σ 2 j , group-linear algorithms perform well as the clustering by similar log(σ 2 j ) means unobserved values of µ j in the same cluster are also similar. However, if µ j and σ 2 j are independent, clustering by group-linear algorithms is not effective, resulting in poor estimates compared to SURE estimates. Weinstein et al. (2018) obtained results for the heteroscedastic case where σ 2 1 , . . . , σ 2 q are i.i.d. Likewise, our proposed estimate assumes that σ 2 1 , . . . , σ 2 q are i.i.d., but it has at least two practical advantages over that of Weinstein et al. (2018) . First of all, we need not assume that σ 2 1 , . . . , σ 2 q are known, and secondly no binning of σ 2 1 , . . . , σ 2 q (with the attendant problem of choosing the number of bins) is required. We model the joint density of (µ j , σ 2 j ) by a flexible mixture of normal-inverse gamma distributions. As we will show later, our estimators of µ j are similar in form to the SURE estimate (5), but, when appropriate, they shrinkX ·j towards the mean of a mixture component rather than towards the overall mean.
This has the potential of producing better estimates of µ 1 , . . . , µ q when the distribution of µ j is nonnormal. Jing et al. (2016) extended the result from Xie et al. (2012) to the case where σ 2 1 , . . . , σ 2 q are unknown. They used a different risk function,
and then minimized unbiased estimators of it by shrinking sample mean and sample variance,X ·j and S 2 ·j respectively, where S 2 ·j = (n − 1) −1 n i=1 (X ij −X ·j ) 2 , towards appropriate direction. However, they used constant shrinkage factors for estimating each of µ j and σ 2 j . Our method naturally extends to the case where σ 2 1 , . . . , σ 2 q are unknown. This is more general than assuming a normal-normal hierarchical model as the mixture of normals provides a more flexible prior compared to using a single normal. Each component has a different mean and we shrink each µ j in an appropriate direction rather than one general direction, which was a main drawback in all previous works.
3 Modeling the Joint Distribution of µ and σ 2 by a
Mixture of Normal-Inverse Gamma Distributions
To estimate the bivariate density f µ,σ 2 nonparametrically, it is reasonable to use a mixture of bivariate densities, which underlies most mainstream approaches of density estimation, including kernel techniques (Silverman (1986) ), nonparametric maximum likelihood (Lindsay et al. (1983) ), and Bayesian approaches using mixtures induced by a Dirichlet process (Ferguson (1983) and Escobar and West (1995) ).
In this paper, we define gamma and inverse-gamma densities as respectively, where Γ is the gamma function and I A is the indicator function for the set A. Though it is more common to use a mixture of normal densities, σ 2 has support only on the positive side of the real line, and hence using a mixture of bivariate normals seems
unreasonable. An easy way to get around the problem of positive support is to estimate the density of log(σ 2 ) using a mixture of normals. However, if we assume f is standard normal, then a mixture of bivariate normals for the joint density of (µ, log(σ 2 )) is not a conjugate prior. A mixture of normal-inverse-gamma (NΓ −1 ) densities seems more reasonable as the posterior density of the parameters of interest belongs to a known family of densities. A NΓ −1 (m, λ, α, β) density has two components, normal and inverse-gamma, and is defined by g(µ, σ 2 |m, λ, α, β) = N (µ|m, σ 2 /λ)IG(σ 2 |α, β),
where N (·|m, s 2 ) denotes a normal density function with mean m and variance s 2 .
The density f µ,σ 2 is defined to be a mixture of N Γ −1 densities induced by a Dirichlet process with concentration parameter γ. Let π denote the vector of random mixture weights. Sethuraman (1994) describes the stick-breaking process, a method to construct π = {π k } ∞ k=1
so that ∞ k=1 π k = 1. For r = 1, 2, . . ., the process can be described as densities that make up the mixture. Let Θ = [m, λ, α, β] be a matrix of four columns whose r th row, Θ r , contains parameters for the r th component of the mixture. The Dirichlet process mixture model (DPMM), denoted DP (γ, G 0 ) with concentration parameter γ, base measure G 0 and N Γ −1 mixture components, is specified as
The prior G 0 for the component parameters is taken to be as follows: m r , λ r , α r , and β r are independent with
Even though the mixture model theoretically has a countably infinite number of components, given a dataset, one can only use a mixture model with a finite number of components.
Indeed, in practice, a finite number of components is adequate. Ishwaran and James (2001) constructed a useful class of truncated Dirichlet processes, denoted DP k (γ, G 0 ), by applying truncation to standard Dirichlet processes, where the number of components is fixed at k. The truncation is applied by assuming π k+1 = π k+2 = . . . = 0 and replacing π k by 1 − k−1 r=1 π r . They showed that the expected sum of moments of discarded random weights decreases exponentially fast in k, and thus, for a moderate k, we should be able to achieve an accurate approximation. Rousseau and Mengersen (2011) discussed behavior of overfitted mixtures and showed that carefully chosen priors tend to empty the extra components, thus mitigating the overfitting effect of the DP. We shall use DP k (γ, G 0 ) in order to model the density f µ,σ 2 .
Since we have measurement error, we do not observe the pair (µ j , σ 2 j ) directly. Instead, we observe {X ij } n i=1 , which will be referred to as X ·j , a vector of observed replications of the true unobserved variable µ j . As we already assumed the error density to be standard normal, the joint density of X ·j given µ j and σ
Let Z j be a latent variable indicating the component of the mixture distribution from which the pair (µ j , σ 2 j ) was drawn. The conditional joint density of (µ j , σ 2 j ) is
The prior probability mass function (p.m.f.) of the latent variable Z j is
Let X denotes the all n × q observations, X ·1 , . . . , X ·q . Let U r = {j : Z j = r}, and c r be the cardinality of U r . Also, We make the following assumptions:
where U ⊥ ⊥ V |W denotes that two random variables U and V are independent conditional on W . The posterior is proportional to
where Dir and 1 k denote the Dirichlet distribution and a k-dimensional vector of 1s, respectively. We may reparametrize α r and β r in terms of location and scale parameters. If δ r denotes a point between the mean and mode of the IG(α r , β r ), then we can rewrite the rate parameter β r as δ r α r . The quantities δ r and α r can be treated as location and scale parameters respectively. Since δ r is the location parameter of a density with positive support, we can use a gamma prior on δ r just as we did for β r with shape parameter a δ and scale parameter b δ .
Algorithm to Estimate Unknown Parameters
We will find estimates of the parameters (Θ, π) by using an MCMC algorithm to approximate their posterior density. In the notation that follows, θ|· stands for the conditional distribution of θ given the data and all unknowns besides θ. The full conditional posterior densities of µ j and σ 2 j are normal and inverse-gamma, respectively. The full conditional posterior densities of m r , λ r , and π follow normal, gamma, and Dirichlet densities, respectively. The parameters, α r and β r do not have a standard density. Therefore, we use a Metropolis-Hastings algorithm to sample from these densities.
Algorithm 1 MCMC Algorithm to Estimate (µ, σ 2 )
1: Standardize the data X ij = X ij −X /S, whereX and S is the grand mean and grand standard deviation, respectively.
2: Run k-means clustering on (X ·j , S 2 ·j ), j = 1, . . . , q. 3: Initialize Z j , j = 1, . . . , q with the values that indicate the cluster in which (X ·j , S 2 ·j ) belongs. 4: Initialize m r , r = 1, . . . , k with the centers ofX ·j clusters from the k-means output.
5: Initialize λ r , α r , β r , r = 1, . . . , k all with 1.
6: Initialize l = 1 and start the MCMC chain with with these initial values.
9: Generate Z j such that P (Z j = r) ∝ π r g µ j , σ 2 j |m r , λ r , α r , β r , for r = 1, . . . , k, j = 1, . . . , q.
10: Generate m r from N , approximates E(µ j |data). Defininĝ
the conditional posterior density of µ j , and iterated expectation imply that
and so for each choice of the unknown parameters (z j , m z j , λ z j ),μ(z j , m z j , λ z j ) is a shrinkage estimate having the same form as the SURE estimates (5). The actual estimate of µ j , E(µ j |data), is simply the posterior mean of all these shrinkage estimates. In the event that µ j comes from, say, component 1 with high probabilitŷ
and henceX ·j shrinks towards the posterior mean of m 1 rather than the overall mean.
Certainly, in cases where the distribution of µ j is multimodal with widely separated modes this scheme should produce much better estimates of µ than does (5), a claim confirmed by simulations in Sections 4.1-4.2. From the full conditional distribution of σ 2 j s the posterior mean of σ
So, E(σ 2 j |data) has an interpretation analogous to that of E(µ j |data). The quantity β z j /α z j may be regarded as a location parameter of the inverse-gamma component as it lies between the mode and the mean, and therefore E(σ 2 j |data) is the posterior mean of shrinkage estimates each of which shrinks the variance estimateσ 2 j towards β z j /α z j .
Choice of Prior Parameters
We can run a fully Bayes approach using a prespecified value of Θ H and a non-informative prior on Θ, or take an empirical Bayes approach to estimate Θ H from the data. Even though we do not observe (µ j , σ 2 j ) directly, we can perceive the problem as one of clustering the (µ j , σ 2 j ) pairs, where each cluster has a different NΓ −1 density. The parameter m r denotes the mean of all µ j that belong to the r th cluster. The parameters m 0 and ζ 2 are the mean and variance of each m r . LetX = (nq)
X ij denote the grand mean and
2 the grand variance. It is reasonable to estimate m 0 with its unbiased estimator, the grand meanX. Note that
On the other hand, estimating ζ 2 is more difficult as the conditional variance of the sample means depends on ζ 2 and many other parameters. Note that
The inequality in the last line of (7) is intuitively clear as ζ 2 can be seen as the between group variance of µ j , which must be less than the total variance of µ j . We will use S 2 X = (q − 1)
as our choice of ζ 2 in the prior for m r . Doing so is somewhat informative, but not too informative since S 2 X estimates var(X ·j |Θ H , γ), which is larger than ζ 2 .
An important parameter of the NΓ −1 mixtures is λ r , whose prior has two hyperparameters, a λ and b λ . From conditional posterior density of µ j s, we can interpret λ z j as a shrinkage parameter. If λ z j tends to 0 then the posterior density of µ j is centered at the sample mean.
The quantity λ z j controls the amount of shrinkage towards the mean of the mixture component. Also, We have
which means that λ r may be regarded as a noise to signal ratio. In many, if not most, cases one anticipates that noise to signal ratios will be smaller than 1, which motivates choosing a λ and b λ to produce values of λ r that are smaller than 1 with fairly high probability. The prior on mixing probabilities π is a Dirichlet density with parameter γ. Ferguson (1983) discussed in detail two independent interpretations of the Dirichlet process parameter γ. The first one concerns the relative size of π r and the second one concerns prior information.
A smaller value of γ means there are big differences in π r values and also that we mistrust our prior. So, posterior estimates will be strongly influenced by the data. Rousseau and Mengersen (2011) studied the behavior of the posterior distribution for overfitted mixture models when the data are observed without error. They proved that, under a few mild assumptions, if γ/k < 2, the posterior distribution of (µ, σ 2 ) has stable behaviour. Our situation is somewhat different in that the variables that follow a mixture model are observed with error. Nonetheless, we will follow the advice of Rousseau and Mengersen (2011) and use γ = 0.1 in most of our simulations and all of our data applications. In simulations reported at the end of Section 4.2, we found that larger values of γ tend to yield more components than the true number. However, we also found that having extra components in the mixture model has little effect on the quality of estimates of µ j and σ 2 j , at least when k << q. Letσ
We can rewrite model (1) as but as q increases performance of both of these algorithms improves and approaches that of Oracle.XKB.
Example 5. In this example the distribution of σ 2 is discrete and such that σ 2 is either 0.1 or 0.5, each with probability 1/2, while µ|(σ 2 = 0.1) ∼ N (2, 0.1) and µ|(σ 2 = 0.5) ∼ N (0, 0.5). Obviously µ and σ 2 are not independent in this case, and there are two distinct groups of data. Both GL.WBMZ and N Γ −1 effectively treat the two groups separately, whereas SURE.M.XKB and SURE.SG.XKB shrink all means in the same direction, as does Oracle.XKB. For each q, GL.WMBZ and N Γ −1 greatly outperform the SURE estimates.
Example 6. Here the setting is the same as in Example 3 except that ∼ U (− √ 3, √ 3).
As in Example 5, for any q, GL.WMBZ and N Γ −1 outperform the SURE estimates and GL.WMBZ performs better than N Γ −1 since µ is a function of σ 2 .
Example 7. The density f µ,σ 2 is such that µ and σ 2 are independent with σ 2 ∼ U (0.1, 1) and µ ∼ 0.5N (0, 0.1) + 0.5N (3, 0.1). Here the distribution of µ is bimodal. This is a case where algorithms based on clustering σ 2 fail, and N Γ −1 does very well. SURE estimates shrink all X i in the same direction, towards 1.5, whereas N Γ −1 shrinks X j towards either 0 or 3 after identifying the cluster to which µ j is likely to belong. Group-linear estimates end up having the same defect in this case as the SURE estimates. Since clustering is based on log(σ 2 j ) and µ j is independent of σ 2 j , each group-linear cluster will contain roughly equal numbers of µ j s from the two components. It follows that the group-linear algorithms will also shrink X j towards 1.5. 10, 4, 3, 3) . In this example the underlying distribution of (µ, σ 2 ) is a mixture of normal-inverse gammas, and so, as expected, N Γ −1 estimate outperforms all the others. As the marginal distribution of µ is bimodal, SURE and group-linear estimates do not perform well for the same reason as in Example 7. We simulated data from model (1) for different choices of f µ,σ 2 . In all the examples of this section ∼ N (0, 1). For each (µ j , σ 2 j ) pair there are n = 4 replications. We only observe We experimented with several choices for γ, the DPMM concentration parameter. In
Example 11 we took γ to be 0.1, 10, 50, 100 with k = 10. Since the true distribution is bimodal, ideally the DP process should have only two active components. the shrinkage direction and factor for each µ j changes little. The result is almost no change in mean squared error as long as k < q. For Figure 4 and 5, we need to estimate π, which we are calculating by averaging over all MCMC iteration. Due to the non-identifiability arising from permutations of the labels in the mixture representation, we sort π in every MCMC iteration, and then average results estimate the 2 nd and 3 rd highest probabilities.
Presumably sorting π in every iteration will mitigate the label switching problem as in the true f µ,σ 2 two mixing probabilities are very different from each other. Let H ij denote the number of hits and N ij the number of at-bats for player j in period i. The subscript i indicates either the first or second half of the season. The quantity p j denotes the probability of a hit for player j. Then we assume that
where Bin(n, p) denotes a binomial distribution with number of trials n and probability of success p. Without doing any variance-stabilizing transformation, Jing et al. (2016) worked with the sample proportion X 1j = H 1j /N 1j and the estimated variance, S 2 1j = (X 1j (1 − X 1j ))/N 1j , of X 1j . However, this contradicts their initial assumption that X 1j and S 2 1j are independently distributed. Also, without the transformation there is no reason to believe that X 1j is normally distributed and S 2 1j follows a chi-square distribution. So, we will follow the transformation of Brown (2008), which was also used in Xie et al. (2012) and Weinstein et al. (2018) , and define
The measure of error that was used in all these papers, denoted TSE, is used to compare different estimates:
The transformed data are consistent with model (2) as all σ 2 j are known. The MCMC algorithm described in Section 3 is modified here by simply removing the step of updating σ 2 j . Table 5 is the table from Weinstein et al. (2018) with our estimate added in the bottom row. The naive estimator simply uses X 1j to predict X 2j and has TSE equal to 1. The grand mean uses the average of all X 1j to predict any X 2j . The nonparametric EB estimate of Brown and Greenshtein (2009) , the binomial mixture of Muralidharan (2010) , the weighted least squares estimator, the weighted least squares estimator (AB) (with number of at-bats as covariate), the weighted nonparametric MLE and the weighted nonparametric MLE (AB) (with number of at-bats as covariate) of Jiang et al. (2009) are also included in Table 5 . Weinstein et al. (2018) presented an analysis under permutations, where each permutation is the order in which successful hits appear throughout the entire season. For each player they draw the number of hits in N 1j at-bats from a hypergeometric distribution, HG(N 1j + N 2j , H 1j + H 2j , N 1j ). We compare our estimate with several other estimates with respect to 1000 different permutations of the baseball data and average TSE.
As discussed in Weinstein et al. (2018) , group-linear algorithms tend to perform well compared to SURE estimates as µ j and σ 2 1j are not independent, owing to the fact that players with higher batting averages tend to play more. Also, non-pitchers tend to have higher batting averages than pitchers, so it is possible that the underlying density of µ is bimodal. This may be the reason that empirical Bayes estimators that assume a normal-normal model tend to perform poorly. group-linear estimates outperform the other estimates because they can accommodate these features exhibited by the baseball data. SURE estimates work well when we analyze the pitchers and non-pitchers separately. Table 5 shows that, in the combined data, the N Γ −1 estimate does not perform as well as group-linear algorithms, but it performs better than SURE estimates. However, when the pitchers and non-pitchers are considered separately, N Γ −1 performs better than the group-linear algorithms. In both the original data and the permuted data, N Γ −1 performs better than the group-linear algorithms for both pitchers and non-pitchers. When pitchers and non-pitchers are combined, grouplinear estimates outperform all other estimates in both the original and permuted data. This is reasonable as the association between µ and σ 2 is weaker when the data are separated into smaller groups, and group-linear algorithms work well in the presence of strong association. In contrast, the N Γ −1 estimate works reasonably well µ and σ 2 are either strongly or weakly dependent. We also compared our estimate with the sample means and variances from three columns.
To compare different estimates we randomly chose 500 rows and 3 columns, computed estimates of means and variances using the various estimates, and replicated this process 100 times. Average squared error for each estimate was computed as in our simulation study. Table 7 shows that, except for the SURE-based Double shrinkage estimators, all estimates were outperformed by N Γ −1 . Figure 8 shows that the densities of µ j and σ (Stein (1956) ), there has been much progress in using shrinkage estimators of the mean of a high-dimensional normal vector. However, all of the previous work shrinks the sample means in the same direction. We have developed a very general algorithm which does not rely on the belief that all µ j are of the same magnitude. Our estimate works by clustering sample means into different groups, and then shrinking an individual mean towards its corresponding group mean. Our algorithm outperforms SURE estimates when µ j and σ 2 j are dependent, and outperforms group-linear algorithms when µ j and σ 2 j are independent. When µ j has a multimodal distribution or when σ 2 j is unknown, our estimate based on mixtures of normal-inverse gamma distributions performed better than all the other estimates with which it was compared. Also, our approach allows us to estimate the joint density of (µ j , σ 2 j ), a problem which seems not to have been previously addressed. All code for our methodology is available online at https://github.com/shyamalendusinha/mean_ estimation. Figure 5: Box plot of estimated π (9) , the 2 nd highest probability for q = 20, 60, . . . , 500 in model (1) for Example 11 of Section 4.2. The true value of this parameter is 0.05. For a given q, each boxplot is drawn using 100 simulations. 
